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Abstract. - The Lorentz transform of black body radiation has been investigated from the view point of 
relativistic statistical mechanics. The result shows that the well known expression with the directional 
temperature can be derived based on the inverse temperature four vector. The directional temperature 
in the past literature was the result of mathematical manipulation and its physical meaning is not 
clear. The inverse temperature four vector has, in contrast, clear meaning to understand relativistic 
' thermodynamical processes. 
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Introduction. - It is well known that black body radiation obeys the Planck distribu- 
tion; the following expression can be found in textbooks: 

CO 2 

n(co)dco=— r — — — -dco, (1) 

T^j- ; 2n z [exp(co/T) - 1] 

where n is the number density of photons with frequency co and T is the temperature. (The 
unit system is such that light speed = Boltzmann constant = Planck constant =1.) The above 
formula is the expression in the reference frame of the black body cavity. The expression for 
an observer moving relative to the cavity has been calculated in the context of the cosmic 
| microwave background (CMB). 

If the solar system is moving relative to the CMB's rest frame, the distribution of CMB 
observed at the earth will be different from (1) and the difference can tell us the motion 
of the solar system. Several authors published the same result in the same year [1-3]; the 
number density of photons coming from the solid angle Q with frequency co is expressed 
as 



co 2 

n(co, Q) dcodCl = —— — - dcodQ . (2) 

27i 2 [exp(aVT e ff(c?)) - 1] 

In the above expression T e ff is the effective temperature, which is called "directional tem- 
perature", defined as 

T Vl - V 2 

Teff (S) = 7-^7 TTJT ' 0) 

1 - V cos(y) 

where T» is the black body temperature as measured in the cavity rest frame [T in (1)], V is 
the observer's velocity, and 6 is the angle between the observer's motion and the direction 
of observation. 

The above result has been obtained from a purely mathematical manipulation, and no 
thermodynamical consideration is used to derive it. Therefore, T e g is just a mathematical 
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shorthand in the formula and it is not clear whether T e ff has the meaning of temperature or 
not. This is sufficient for its original purpose, that is, to determine the motion of the solar 
system relative to CMB (e.g., [4]). However, it is not enough when we wish to investigate 
the thermodynamical properties of the black body radiation. For example, suppose a 
moving matter that is immersed into a black body radiation. When the matter has proper 
temperature (temperature measured in the comoving frame) T such that T e ff(0) < X < 
T e ff (71 12), then we cannot tell the direction of heat flow; usually heat flows from the higher 
temperature to the lower temperature, but from knowing T e ff it cannot be determined which 
has the higher temperature. 

An attempt to understand the thermodynamics of moving black body radiation has been 
made in relatively recent years. Aldrovandi and Gariel [5] regarded (2) as the temperature 
transformation law and concluded that the temperature of a moving object becomes higher. 
Costa and Matsas [6] calculated the photon distribution using the Unruh-DeWitt detector 
moving relative to the radiation, and showed the equilibrium distribution does not have 
the form of (1). Form this fact, Landsberg and Matsas [7,8] claimed that the relativistic 
temperature transformation is impossible and the concept of temperature can be defined 
only in the comoving reference frame. Ares de Parga et al., [9] have examined this problem 
based on the theory they have proposed, and concluded that the expression with the 
directional temperature can be understood within their theory. 

What we would like to show in the present letter is that the formula (2) can be consistently 
derived from the view point of relativistic statistical mechanics. The directional temperature 
in (3) is just a shorthand notation, and does not have thermodynamical implication as a 
temperature. In contrast, the calculation here derives the same expression as (3) based on 
the inverse temperature four vector proposed in the context of relativistic thermodynamics. 
This inverse temperature four vector has clear thermodynamical meaning because it comes 
from the conservation law of energy-momentum, just in the same way as the inverse 
temperature in conventional non-relativistic statistical mechanics. 

The inverse temperature four vector was originally introduced by van-Kampen [10] 
in the controversy on relativistic thermodynamics in 1960s, and later refined by Israel in 
a more transparent form [11]. There are a number of different formulations of relativistic 
thermodynamics (see, e.g., [12]), however, it can be shown that the other formulations can be 
derived from the van Kampen-Israel theory with the inverse temperature four vector [13]. 
We will see in the present paper that the inverse temperature four vector can be also applied 
for the covariant treatment of black body radiation. 

Momentum in Statistical Mechanics. - Before exploring the black body radiation 
in relativity, we briefly demonstrate our tactics with a simple example of non-relativistic 
classical ideal gas. Let /(p) be the single particle distribution function as a function of 
momentum p. We employ the maximum entropy approach (e.g., [14]) to calculate the 
equilibrium distribution, which is obtained by maximizing the following entropy 

S = j /In/dp, (4) 

under the following constraints of the particle number and energy conservation, 

J /(p)dp = l, N J ^p 2 f(p)dp = total energy, (5) 

where m is the mass of a particle and N is the total number of particles. The equilibrium 
distribution is obtained as 

/(P)-exp (6) 

The parameter a and f> in the above expression are the Lagrange's coefficients arising from 
the constraints of (5), and should be determined appropriately to satisfy the constraints. 
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When we observe this distribution from a frame moving with the relative velocity 
V, then the Galilei transform of the distribution function can be calculated by replacing 
p — > p - mV as 

/(p)(xexp|a- A (p _ mV ) 2 ) . (7) 

This expression is obtained by mathematical transform of (6) and no thermodynamical 
consideration is required once (6) is given; this corresponds to the derivation of (2) [1-3]. 

There can be another way to derive (7) from the view point of entropy maximization. 
We introduce another conservation law, the momentum conservation namely in addition 
to the energy constraint of (5): 



N ^ p/(p) dp = total momentum . (8) 

Then three other Lagrange's coefficients appear corresponding to the three components of 
momentum, and the distribution becomes 

/(p) oc exp [a' - + ftp, + p> y + ftp z ) . (9) 

The Lagrange's coefficients a', ft, ft(z = x, y,z) should be determined to satisfy the con- 
straints (5) and (8). Since this distribution has the same energy and momentum as (7), the 
coefficients are 

1 7 

a = a + -mv , 

ft = ft (10) 
ft = pVi(i = x,y,z),. 

The above result has something more than the derivation of (7). Since the coefficients ft 
are obtained in a same way as to derive the inverse temperature ft they have similar meaning 
in thermodynamics. If two bodies with different temperature are thermally connected, in 
other words, there is random energy exchange between the bodies, the energy flow is such 
as to reduce the difference of the inverse temperature ft We can generalize this statement to 
the random momentum exchange between two bodies moving relative to each other. The 
momentum is transferred in the direction to reduce the relative velocity because it increases 
the total entropy. The result is the frictional force between the two bodies. 

The example in this section demonstrates the role of momentum as a thermodynamical 
parameter; three more inverse temperature arise corresponding to the three components 
of momentum. This non-relativistic example may be rather trivial because the inverse 
temperature of energy (ft is unchanged under the Galilei transform. However, if we 
wish to construct covariant relativistic thermodynamics, not only energy but also the three 
components of momentum should be regarded as thermodynamical quantities because they 
are components of a four vector. Correspondingly inverse temperatures f> and ft (i = x, y, z) 
forms a four vector when we generalize the calculation to relativity. This four vector 
is the covariant expression of the inverse temperature in the relativistic thermodynamics 
proposed by van Kampen and Israel [10, 11]. 

It is possible to perform the same calculation as above for a relativistic ideal gas, however, 
there is a subtle point in the maximum entropy calculation, and controversy is still going 
on [15, 16]. Therefore, we dare not examine this subject in the present letter and move onto 
the black body radiation in the following. 
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Black Body Temperature. - What we have learned form the previous section is that 
the Boltzmann factor exp(-jSE) should be replaced with 



exp(-jSE) — > exp 



I 3 , \ 
^=0 



(11) 



where P'' is the energy-momentum of the system, to include the momentum as a thermo- 
dynamical quantity. As we have seen in the previous section, the inverse temperatures fa 
are obtained from statistical mechanics, and thus we know their roles in thermodynamics. 
However, we do not know whether they are transformed as a four vector or not at this 
stage; we used the notation with E to emphasize this point in the above expression. 

In the case of a photon gas, the energy-momentum of a photon is given by its four 
dimensional wave number. Suppose a photon gas in a black body cavity, which is moving 
in the z (= x 3 ) direction with the velocity V in one reference frame. The x and y components 
of the momentum vanish because of the symmetry, so we can set fa = fa = 0. Following the 
standard procedure in the statistical mechanics, the number of photons in one wave mode 
is obtained as 

N < = Ta \v\ 1 ' < 12 > 

exp(fi t (Oi - fak iz ) - 1 

where &>; and ki z are the frequency and wave number of the z-th mode. 

Let us introduce polar coordinates (r, 6, (p)to calculate waves propagating in one direc- 
tion; we choose the coordinates such that 6 = is the direction of the spatial wave vector. 
The number of photons in the limit of continuous frequency can be calculated in the same 
way as to derive (1), which yields 

n(co, Q) dcodD. = -— — - — — dcodD. . (13) 

v ; 27T 2 [exp[(jS f -p z cosd)a)\ - 1] v ; 

We have used the dispersion relation of photons or 2 = k\ to obtain the above expression. 
The inverse temperature fa t should be determined such that the distribution n(co, O) gives 
the total energy-momentum correctly. This can be done in the same way as we have done 
in deriving (10). Comparing (2) and (13) we obtain 

1 V 
Pt = — ; > Pz = j • (14) 

This result can be generalized to a covariant form as 

h = Yj (15) 

where w f , is the relative four velocity between the radiation and the observer. We understand 
the inverse temperatures jS^ form a four vector from the above explicit form. This is the 
inverse temperature four vector in the van Kampen-Israel theory [10,11]. Unlike the 
directional temperature T e ff, the above four vector fa has been derived from the view point 
of statistical mechanics. Therefore fa has clear meaning as inverse temperatures, and can 
tell the direction of the thermal energy-momentum exchange as being discussed by van 
Kampen [10]. 

Concluding Remarks. - Brief remarks are to be made on the past literature before 
closing this letter. Aldrovandi [5] examined the temperature transformation assuming the 
directional temperature has the thermodynamical meaning somehow; he did not give the 
reason for this assumption as he states "we prefer to avoid an 'inside' thermodynamical 
discussion." Ares de Parga et al., [9] have their own reasoning to interpret the directional 
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temperature within the theory they proposed. The two results seems to contradict each 
other: the former suggests the higher temperature for a moving body whereas the latter 
predicts it lower. This contradiction is quite similar to the controversy on the relativistic 
thermodynamics in 1960s. Both may be consistent within each framework, however, the 
author of this paper believes the expression with inverse temperature four vector is clear 
and transparent. 

Costa and Matsas [6] have calculated the particle distribution of photons using the 
Unruh-DeWitt detector and obtained the following expression, 



, x T. Vl - v 2 , ( 1 - exp(-w Vl + v/T H-vY 
n(co) = In 



4™ U-exp(-wVl _7 ^/ToVTT^) / 



(16) 



The expression can be also obtained by integrating (2) over the solid angle; this can be 
understood because the Unruh-DeWitt detector measures energy only and directional de- 
pendence is smeared out. The above expression does not have the form of the Planck 
distribution, and from this fact Landsberg and Matsas [7, 8] argued thatLorentz transform- 
ing the temperature would be impossible. 

However, a distribution function changes its shape in general when expressed as a 
function of energy only. For example, suppose a non-relativistic gas with distribution 
function (7). When we express the distribution as a function of energy ignoring directional 
dependence, we obtain 

M (E - ^f) *P = Sinh ( V j exp(--) , (17) 

which does not have the form of Boltzmann distribution / oc exp(-jSE)/ VE; obviously this 
does not mean the concept of temperature T is invalid in the Galilei transform. 

Similarly the concept of temperature (or inverse temperature) is still valid even when 
(16) does not have the form of the Planck distribution. What Landsberg and Matsas [7,8] 
argued should be understood that the Lorentz transform of temperature is impossible 
when one tries to express the temperature by a single value; it is possible when we treat the 
inverse temperature as a four vector. The present letter has shown that we can interpret the 
distribution (2) as the statistical equilibrium state with the inverse temperature four vector 
/Sj, in the van Kampen-Israel theory [10, 11]. 
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